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Abstract Wegner’s method of flow equations offers a useful tool for diagonalizing a given Hamiltonian and
is widely used in various branches of quantum physics. Here, generalizing this method, a condition is derived,
under which the corresponding flow of a quantum state becomes geodesic in a submanifold of the projective
Hilbert space, independently of specific initial conditions. This implies the geometric optimality of the present
method as an algorithm of generating stationary states. The result is illustrated by analyzing some physical
examples.
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1 Introduction
In recent years, much attention has been focused on Wegner’s method of flow equations [1] (for reviews,
see [2]). This method offers a powerful tool for diagonalizing a given quantum-mechanical Hamiltonian,
which has been devised in analogy with the theory of renormalization groups and has widely been applied
to a variety of problems in condensed matter physics, nuclear and particle physics, and quantum informa-
tion. Examples include the effective Hamiltonian of the Anderson impurity model [3], a Dirac particle in an
external electromagnetic field [4], an effective spin-spin coupling arising from spin-phonon chains [5], the
t− t ′ Hubbard model for high-temperature superconductivity [6], the Tomonaga-Luttinger model for interact-
ing spinless electrons in one dimension [7], localized superfluidity [8], the Lipkin-Meshkov-Glick model in
nuclear physics [9], quantum phase transition in the interacting boson model [10], light-cone quantum chro-
modynamics [11], electron-electron and electron-phonon interactions in the Hubbard-Holstein model [12],
and stationary photon-atom entanglement [13].
Wegner’s method employs a continuous unitary transformation represented by the operator, U(l), where
l ∈ [0,∞) is referred to as the flow parameter. U(l) transforms the original Hamiltonian H = H(0) to H(l) =
U(l)HU†(l), which satisfies dH(l)/dl = [η(l), H(l)], where η(l) is the anti-Hermitian generator given by
η(l) =
[
dU(l)/dl
]
U†(l). Wegner’s choice for η(l) to diagonalize (or, block-diagonalize) the Hamiltonian
reads
η(l) = ηW (l)≡ [Hd(l), Ho-d(l)], (1)
where Hd(l) and Ho-d(l) stand for the diagonal and off-diagonal parts of H(l), respectively. It can be shown
[1,2] that Ho-d(l) tends to vanish in the limit l →∞. Mathematically, this procedure corresponds to the Jacobi
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2algorithm for eigenvalue problems, which defines a steepest-descent flow in the space of matrices with the
Frobenius norm [14].
Although Wegner’s method has been applied to many problems as mentioned above, its inherent prop-
erties do not seem to be explored well. It is our opinion that this method is more than just a mathematical
tool for diagonalizing a Hamiltonian. The purpose of this paper is to reveal an interesting geometric prop-
erty hidden behind Wegner’s flow equations. For it, we first generalize Wegner’s method itself. The original
method of Wegner is a special case within this new framework. Next, we consider the flow of a given quantum
state through a submanifold of the projective Hilbert space composed of rays explained below. Then, we find
a condition, under which the flow becomes geodesic in the submanifold, independently of specific “initial”
conditions at l = 0. This remarkable property is illustrated by analyzing some physical examples. Our dis-
cussion may also have significance for laboratory experiments, since one often need realize a stationary state
from an initially prepared state via quantum operations [13], and in this context the unitary transformation in
Wegner’s method is now shown to offer the optimal strategy for it in a certain class of systems (satisfying the
condition discovered here).
2 Generalization of Wegner’s Method of Flow Equations
Let us start our discussion with considering a quantum system in a d-dimensional Hilbert space, where d
is either finite or infinite. Its unitary-transformed Hamiltonian, H(l), is decomposed into two parts: H(l) =
Hd(l)+Ho-d(l), where Hd(l) and Ho-d(l) = ∑Aa=1 H(a)o-d(l) (1≤ A ≤ d−1) are the diagonal and off-diagonal
parts, respectively. Using the complete set of the normalized eigenstates of Hd(l), {| un〉}n=1,2,...,d , which is a
natural basis such as the Fock basis of the harmonic oscillator, we write them in the following forms:
Hd(l) =
d
∑
n=1
εn(l) | un〉〈un |, (2)
H(a)o-d(l) =
d
∑
n=1
[
C(a)n+ia(l) | un+ia〉〈un |+C
(a)∗
n+ia(l) | un〉〈un+ia |
]
, (3)
where εn(l) is the nth eigenvalue of Hd(l) and C
(a)
n+ia(l)’s are the complex expansion coefficients. The nonzero
index ia describes the off-diagonality and is ordered without loss of generality as follows: 0 < i1 < i2 < · · ·<
iA. It is understood that C(a)n+ia(l) = 0 (C
(a)
n−ia(l) = 0), if n+ ia > d (n− ia ≤ 1 ).
Here, we generalize Wegner’s method as follows. Instead of taking the whole of Ho-d(l), we employ only
a single term, say H(a)o-d(l):
η(a)(l) =
[
Hd(l), H(a)o-d(l)
]
. (4)
Clearly, Wegner’s choice is ηW (l) = ∑Aa=1 η(a)(l). It can be found after a straightforward calculation using
Eqs. (2)-(4) that the corresponding generalized flow equation
dH(l)
dl
=
[
η(a)(l), H(l)
] (5)
gives rise to
d
dl
d
∑
m,n=1 (m6=n)
|〈um | H(l) | un〉|2 =− ddl
d
∑
n=1
ε2n (l)
=−4
d
∑
n=1
[
εn+ia(l)− εn(l)
]2∣∣∣C(a)n+ia(l)
∣∣∣2, (6)
implying that the off-diagonal elements of H(l) tend to decay as l increases. (The first equality in Eq. (6)
comes from the fact that (d/dl)Tr[H2(l)] = 0.) ηW is obtained from the set {η(a)}a=1,2,...,A, but the reverse is
obviously not possible if A ≥ 2. In this sense, the present method is regarded as a generalization of Wegner’s.
3Closing this section, we emphasize the following point. Like in Wegner’s method, reduction of off-
diagonal elements of a Hamiltonian does not necessarily mean exact vanishing of the elements. In Wegner’s
case, it tends to be block-diagonalization of a Hamiltonian, in general, whereas Eq. (6) implies reduction of
targeted off-diagonal elements, not all off-diagonal elements. The present generalized method enables one to
look into the details of the structure of a Hamiltonian.
3 Condition for Geodesic Flow
Next, let us translate the flow of the Hamiltonian into the flow of a state. Given a normalized state | ψ〉, the
stationary Schro¨dinger equation reads H | ψ(∞)〉 = E | ψ(∞)〉, where | ψ(l)〉 = U†(l) | ψ〉. As well known,
two states different from each other only by total phases are equivalent in quantum mechanics, and therefore
a physical state is represented by a ray. Accordingly, the quantum-state space is the projective Hilbert space
that is generically a curved space. Eq. (5) determines the flows of the physical coefficients contained in the
Hamiltonian, which depend on the parameters appearing in the unitary operator. Let us explicitly write as
follows: U = U(α), | ψ(α)〉 = U†(α) | ψ〉, where α ≡ (α1,α2, . . . ,αk). The set of parameters, α , defines
a local coordinate on the submanifold of the projective Hilbert space. This submanifold is referred to as the
quantum evolution submanifold [15], on which a quantum state flows. Then, the Fubini-Study metric [15–17]
induced on this submanifold is, up to the second-order infinitesimals, given by
ds2 = 1−|〈ψ(α) | ψ(α +dα)〉|2 ≡ gi j(α)dα idα j, (7)
where the metric tensor is expressed in terms of the anti-Hermitian operator Gi(α) =
[
∂iU(α)
]
U†(α) (∂i =
∂/∂ α i; i = 1,2, . . . ,k) as follows:
gi j(α) =−12〈ψ | Gi(α)G j(α)+G j(α)Gi(α) | ψ〉+ 〈ψ | Gi(α) | ψ〉〈ψ | G j(α) | ψ〉. (8)
Here and hereafter, Einstein’s convention is understood for the repeated indices. The equation for a geodesic
curve parametrized by the arc length, α(s), is given by d2αh/ds2 +Γhi j(dα i/ds)(dα j/ds) = 0, where Γhi j is
Christoffel’s symbol defined by Γhi j = ghlΓli j = (1/2)
(
∂igh j +∂ jgih −∂hgi j
)
.
Let us parametrize the curve by the flow parameter, instead of the arc length, i.e., α(l), and consider the
functional
S[α] =
∫ l2
l1
dl L(α, α˙), (9)
where
L(α, α˙) =
ds
dl =
√
gi j(α)α˙ iα˙ j (10)
and α˙ i ≡ dα i(l)/dl. The quantity in Eq. (9) is the arc length in the interval [l1, l2]. The variation of S with
respect to α(l) is calculated to be
δS[α]
δα i =−
1
4L3
Xi, (11)
where
Xi =
(
2〈ψ | η | ψ〉〈ψ | ∂ η∂ α˙ i | ψ〉−〈ψ |
∂ η2
∂ α˙ i | ψ〉
)
d
dl
(
〈ψ | η2 | ψ〉−〈ψ | η | ψ〉2
)
+2
(
〈ψ |
{
dη
dl ,
∂ η
∂ α˙ i
}
+
[
η2, ∂ η∂ α˙ i
]
| ψ〉−2〈ψ | dηdl | ψ〉〈ψ |
∂ η
∂ α˙ i | ψ〉
−2〈ψ | η | ψ〉〈ψ |
[
η, ∂ η∂ α˙ i
]
| ψ〉
)(
〈ψ | η2 | ψ〉−〈ψ | η | ψ〉2
)
(12)
with
η = η(α(l)) = dU(α(l))dl U
†(α(l)) = Gi(α(l))α˙ i, (13)
4provided that the following relation has been used:
d
dl
( ∂ η
∂ α˙ i
)
=
∂ η
∂ α i +
[
η, ∂ η∂ α˙ i
]
. (14)
Up to this stage, we have purely discussed the variational problem for the functional in Eq. (9), which is
naturally assumed to be analytic, and have not used the flow equation yet.
We are now going to prove that under a certain condition the generalized flow equation (5) makes Eq. (12)
vanish and defines a geodesic curve associated with the “initial state” | ψ〉 =| un〉, which is an eigenstate of
Hd(l). (This is the state of relevance, because we are considering the flow to an exact stationary state.) That
is, we are going to show that, under the condition found later, the above Xi vanishes for η = η(a) in Eq. (4).
Clearly, 〈un | η(a) | un〉 and its derivatives with respect to l and α˙ i vanish. Furthermore, it can be shown by
using Eqs. (2)-(4) that 〈un |
[
η(a)2 , ∂ η(a)/∂ α˙ i
]
| un〉 also vanishes. Therefore, Xi for |ψ〉=| un〉 and η = η(a)
is reduced to
Xi = 2〈un | η(a)2 | un〉〈un |
{
dη(a)
dl ,
∂ η(a)
∂ α˙ i
}
| un〉−〈un | dη
(a)2
dl | un〉〈un |
∂ η(a)2
∂ α˙ i | un〉. (15)
This equation can be rewritten by using Eqs. (2)-(4) again as follows:
Xi = 4
(∣∣∣D(a)n+ia
∣∣∣2 + ∣∣∣D(a)n ∣∣∣2 d∑
m=1
δn,m+ia
)
Re
[
dD(a)n+ia
dl
∂ D(a)
∗
n+ia
∂ α˙ i +
dD(a)n
dl
∂ D(a)
∗
n
∂ α˙ i
d
∑
m=1
δn,m+ia
]
−

d
∣∣∣D(a)n+ia
∣∣∣2
dl +
d
∣∣∣D(a)n ∣∣∣2
dl
d
∑
m=1
δn,m+ia



∂
∣∣∣D(a)n+ia
∣∣∣2
∂ α˙ i +
∂
∣∣∣D(a)n ∣∣∣2
∂ α˙ i
d
∑
m=1
δn,m+ia

 , (16)
where D(a)n+ia ≡
(
εn+ia(l)−εn(l)
)
C(a)n+ia(l). The l-derivatives appearing in this expression should be calculated
from the generalized flow equation in Eq. (5). It is also noted that α i and α˙ i are not independent in Eqs. (15)
and (16) any more, since Eq. (4) has already been used.
Now, we present our discovery. If the labels a and a′ satisfying
ia′ 6= 2ia,3ia (1 ≤ a′ ≤ A) (17)
can be taken for η(a)(l), then sandwiching the flow equation in Eq. (5) by three pairs, 〈un | and | un−ia〉, 〈un+ia |
and | un〉, 〈un+ia | and | un−ia〉, we have
〈un |
[
η(a)(l),
A
∑
a′=1
H(a
′)
o-d (l)
]
| un−ia〉= 0, (18)
〈un+ia |
[
η(a)(l),
A
∑
a′=1
H(a
′)
o-d (l)
]
| un〉= 0, (19)
〈un+ia |
[
η(a)(l),
A
∑
a′=1, a′ 6=a
H(a
′)
o-d (l)
]
| un−ia〉= 0, (20)
respectively. And, correspondingly, we obtain the following sandwiched flow equations:
dC(a)n (l)
dl =−
(
εn(l)− εn−ia(l)
)2
C(a)n (l), (21)
dC(a)n+ia(l)
dl =−
(
εn+ia(l)− εn(l)
)2
C(a)n+ia(l), (22)(
εn+ia(l)+ εn−ia(l)−2εn(l)
)
C(a)n (l)C(a)n+ia(l) = 0. (23)
5It is mentioned that, from Eqs. (21) and (22), the phases of C(a)n (l) and C(a)n+ia(l) are found to be independent
of l.
Case-A: If C(a)n (l) =C(a)n+ia(l) = 0, then Xi in Eq. (16) obviously vanishes.
Case-B: If C(a)n (l) = 0 and C(a)n+ia(l) 6= 0 (or, C
(a)
n (l) 6= 0 and C(a)n+ia(l) = 0), then Xi vanishes,
due to the fact that the phases of D(a)n (l) and D(a)n+ia(l) are independent of l.
Case-C: If both C(a)n (l) and C(a)n+ia(l) are nonzero, then Eq. (23) yields εn+ia(l)+ εn−ia(l)−2εn(l) = 0.
Combining the relation in Case-C with Eqs. (21) and (22), we obtain a crucial result that
∣∣∣C(a)n+ia(l)
∣∣∣ is propor-
tional to
∣∣∣C(a)n (l)∣∣∣. And, this makes Xi vanish again.
Therefore, we conclude that the flow equation with the generator η(a)(l) with the label a satisfying the
condition in Eq. (17) gives rise to the geodesic flow of | un〉, independently of a specific initial condition. This
is the main result of the present work.
We emphasize that Eq. (17) does not necessarily lead to the geodesic nature of Wegner’s flow generated by
ηW ≡ ∑Aa=1 η(a): it guarantees the geodesic nature of the flow generated by η(a). However, according to our
experience, there exist physically important examples, in which A = 1, that is, the present method becomes
reduced to Wegner’s. So, in such a case, Eq. (17) works for establishing the geodesic nature of Wegner’s flow.
In the next section, some of such examples are discussed.
4 Physical Examples
In what follows, we illustrate our result by analyzing some physical examples.
The first example we consider is the generalized harmonic oscillator. The Hamiltonian reads
H = ωa†a+λa†2 +λ ∗a2 +µa† +µ∗a+ν. (24)
Here, a† and a are the creation and annihilation operators obeying the algebra: [a,a†] = 1, [a†,a†] = [a,a] = 0.
ω (> 0) and ν are real constants, whereas λ and µ are complex. In particular, the condition, ω > 2|λ |, is
to be satisfied. Here and hereafter, ℏ is set equal to unity. We analyze the following two cases: (i) µ 6= 0,
λ = 0 and (ii) µ = 0, λ 6= 0. [In the case when both µ and λ are nonzero, one can first eliminate the terms
linear in a† and a by the unitary transformation with the displacement operator, exp(αa† −α∗a), where α is
a complex c-number variable satisfying ωα +2λα∗−µ = 0. Therefore, this case is reduced to (ii).] In case
(i), the Hamiltonian is transformed by the displacement operator
U(l) = exp
[
z(l)a†− z∗(l)a
]
(25)
with the complex z(l) satisfying z(0) = 0. For the normalized ground state, | 0〉, satisfying a | 0〉 = 0, as the
“initial state” at l = 0, the flow of the state is along the coherent state. The corresponding Fubini-Study metric
is Euclidean [15]:
ds2 = 1
2
(dx2 +dp2) (26)
with the parametrization, z = (x+ ip)/
√
2. Then, the condition in Eq. (17) is satisfied, and the flow is, in fact,
geodesic: a straight line in the space with a global coordinate (x, p). In case (ii), the squeezing operator
U(l) = exp
[
1
2
(
ξ (l)a†2 −ξ ∗(l)a2
)]
(27)
is to be considered, where the complex coefficient ξ (l) is parametrized as ξ (l) = r(l)e−2iφ (l) (0 ≤ r(l),0 ≤
φ(l) < 2pi). Accordingly, (α1,α2) ≡ (r,φ). The condition U(0) = I (with the identity operator I) leads to
r(0) = 0. The initial state is taken to be the number state, | n〉 = (n!)−1/2a†n | 0〉. The corresponding metric
is [15]:
ds2 = 1
2
(n2 +n+1)
[
dr2 +
(
sinh22r
)
dφ2
]
, (28)
6which shows that the manifold is the Lobachevsky space. The transformed Hamiltonian is written as follows:
H(l) = ω(l)a†a+λ(l)a†2 +λ ∗(l)a2 +ν(l). (29)
The coefficients appearing here depend not only on their original values at l = 0 but also on ξ (l). In this case,
Ho-d(l) = λ(l)a†
2
+λ ∗(l)a2 (30)
is the one and only off-diagonal part. Therefore, the generator in Eq. (4) is identical to Wegner’s choice
ηW (l) = 2ω(l)
[
λ(l)a†2 −λ ∗(l)a2
]
, (31)
and the condition in Eq. (17) is automatically fulfilled. The flow equation for λ(l) is given by
dλ(l)
dl =−4ω
2(l)λ(l), (32)
showing that the phase of λ(l) does not depend on l. Then, one can explicitly find that Eq. (15) indeed
vanishes. Comparing
[
dU(l)/dl
]
U†(l) with ηW (l), we obtain φ(l) = const, which in fact turns out to make
both δS/δ r(l) and δS/δφ(l) vanish, where S is the arc-length functional defined in terms of the above metric.
We also mention that the spectrum of Hd(l) = ω(l)a†a+ν(l) is equally spaced, and accordingly Case-C in
the preceding section is realized. Thus, Wegner’s flow is geodesic.
The second example is a spin-s, S = (Sx,Sy,Sz), in a constant external magnetic field B. The Hamiltonian
reads
H = S ·B (33)
in an appropriate unit. The unitary operator to be considered is
U(l) = exp
[
σ(l)S+−σ∗S−
]
, (34)
where S± ≡ Sx ± iSy and the complex coefficient σ(l) is parametrized as σ(l) = [θ (l)/2]e−iϕ(l) (0 ≤ θ (l)<
pi,0 ≤ ϕ(l) < 2pi) with θ (0) = 0. The basic commutation relations satisfied by the spin operators are as
follows:
[
Sz,S±
]
=±S±,
[
S+,S−
]
= 2Sz. The local coordinate is given by (α1,α2)≡ (θ ,ϕ). The initial state
is taken to be |m〉s (m =−s,−s+1, . . . ,0, . . . ,s−1,s), which satisfies Sz |m〉s = m |m〉s. The metric is found
to be given by [15]:
ds2 = 1
2
(s2 + s−m2)
[
dθ 2 +
(
sin2θ
)
dϕ2
]
, (35)
which is of a sphere. The transformed Hamiltonian is written as
H(l) = βz(l)Sz +β(l)S++β ∗(l)S−. (36)
βz(l) is real, whereas β(l) is complex. They depend not only on B but also on σ(l). The one and only off-
diagonal part is
Ho-d(l) = β(l)S++β ∗(l)S−, (37)
and so Wegner’s choice
ηW (l) = βz(l)[β(l)S+−β ∗(l)S−] (38)
is employed. Therefore, clearly the condition in Eq. (17) is fulfilled. The flow equation for β(l) is
dβ(l)
dl =−β
2
z (l)β(l), (39)
from which the phase of β(l) is seen to be independent of l, and accordingly Eq. (15) vanishes. Comparison
of the above generator, ηW (l), with
[
dU(l)/dl
]
U†(l) yields ϕ(l) = const, which leads to the fact that the
variations of the arc-length functional (S, calculated by using the above metric) with respect to θ (l) and ϕ(l)
vanish. Also, the spectrum of Hd(l) = βz(l)Sz with s ≥ 1 is equally spaced, and so Case-C in the preceding
section is realized. Thus, Wegner’s flow is geodesic (i.e., the great circle).
7The third example is the Jaynes-Cummings model [18], which describes a two-level atom interacting with
a single-mode radiation field. The Hamiltonian is given by
H =
1
2
ω0σ3 +ωa
†a+κ(σ+a+σ−a†). (40)
Here, ω0, ω , and κ are the transition frequency of the atom, the frequency of the radiation, and the coupling
constant, respectively. a† and a are the creation and annihilation operators of the radiation field satisfying
the same algebra as in the first example. σ ’s are the operators of the atom, which are given in terms of the
orthonormal basis, the ground state | g〉 and the excited state | e〉, as follows: σ+ =| e〉〈g |, σ− =| g〉〈e |,
σ3 =| e〉〈e | − | g〉〈g |. This model is known to be exactly solvable. The associated unitary operator is
U(l) =
∞
∑
n=0
[
αn(l)σ+σ− | n〉〈n |+βn−1(l)σ−σ+ | n〉〈n |+γn(l)σ+ | n〉〈n+1 |+δn(l)σ− | n+1〉〈n |
]
, (41)
where | n〉 = (n!)−1/2a†n | 0〉 is the n-photon state (for the details of this unitary operator, see [13]). The
unitarity of this operator leads to the conditions:
∣∣αn∣∣2+∣∣γn∣∣2 = 1, ∣∣αn∣∣= ∣∣βn∣∣, ∣∣γn∣∣= ∣∣δn∣∣, and αnδ ∗n +β ∗n γn =
0. From the polar forms, αn =
∣∣αn∣∣exp(iθαn) and so on, follows the condition on the phases: θαn +θβn −θγn
−θδn = (2m+ 1)pi (m = 0,±1,±2, . . .). Here, we choose | e〉 | n〉 as the initial state.
∣∣αn∣∣, θαn , θβn , and θγn
form as a set of independent coordinate variables. The metric is
ds2 =
d
∣∣αn∣∣2
1− ∣∣αn∣∣2 +
∣∣αn∣∣2(1− ∣∣αn∣∣2)(dθαn −dθγn)2, (42)
which does not seem to be the one of a familiar space. The θβn -dependence disappears due to the above choice
of the initial state. The transformed Hamiltonian is
H(l) =
∞
∑
n=0
[
An(l)σ+σ− | n〉〈n |+Bn−1(l)σ−σ+ | n〉〈n |+Cn(l)σ+ | n〉〈n+1 |+C∗n(l)σ− | n+1〉〈n |
]
, (43)
and so
Ho-d(l) =
∞
∑
n=0
[
Cn(l)σ+ | n〉〈n+1 |+C∗n(l)σ− | n+1〉〈n |
]
, (44)
where the coefficients, An(l)’s and Bn−1(l)’s are real, and Cn(l)’s turn out to be also real (as can be seen
from the flow equations). They are expressed in terms of the physical coefficients contained in the original
Hamiltonian as well as the coefficients appearing in U(l) (for details, see [13]). Let us consider Wegner’s
choice:
ηW (l) =
∞
∑
n=0
[
An(l)−Bn(l)
]
Cn(l)
(
σ+ | n〉〈n+1 | −σ− | n+1〉〈n |
)
. (45)
Then, we find that Eq. (15) vanishes. The flow equations give rise to
dθαn(l)
dl = 0, (46)
dθγn(l)
dl = 0, (47)
which explicitly make the variations of the arc-length functional with respect to
∣∣αn(l)∣∣, θαn(l), and θγn(l) all
vanish. In addition, comparing η(l) =
[
Hd(l), Ho-d(l)
]
with ηW (l) above, we see that Case-B in the preceding
section is realized. Thus, again Wegner’s flow is geodesic.
85 Concluding Remarks
To summarize, generalizing Wegner’s method of flow equations, we have found a condition, under which
the corresponding flow of a quantum state becomes geodesic in a quantum evolution submanifold, indepen-
dently of specific initial conditions at l = 0. We have illustrated this by employing the generalized harmonic
oscillator, the spin in an external magnetic field, and the Jaynes-Cummings model.
The present result implies that the method of flow equations is not just a mathematical tool for diago-
nalizing a Hamiltonian but provides the optimal strategy in quantum state engineering for realizing a sta-
tionary state from a given initial state in each of a certain class of systems. In fact, a formal solution,
U(l) = Pl exp
∫ l
0 dl′ηW (l′) with Pl being Dyson’s “l-ordering” symbol, can be divided into the product of
many unitary operators, each of which defines a small translation along the geodesic flow and may represent
each quantum operation performed experimentally. In the present work, we have discussed the metric struc-
ture and associated geodesic nature of the flow of a state in a quantum evolution submanifold. Other basic
quantities such as curvature are not explicitly treated here. However, curvature becomes relevant, for example,
when geodesic deviation is considered. This kind of considerations may cast further light on geometry of the
flow equations.
All the examples discussed in Section 4 are exactly solvable, and Wegner’s method perfectly works,
generating the geodesic flows. This observation naturally leads to an anticipation that Wegner’s flow may
always be geodesic if a system is exactly solvable. Still there does not exist an affirmative/negative proof of
this point, and further investigations are needed.
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